




















































































LECTURE 1 THE POISSON PROBLEM

let G be a compact graph
G Na Ee IIVall vertices 11 all edge

y ez

e

LET E EDGES INCIDENT ON VERTEX VK COUNTED

e
CITY INCOMINGOUTGOING

WHERE dk DEGREE OF VERTEX k

POISSON PROBLEM

U f

SUBJECT TO VERTEX CONDITIONS AT VERTEX VK

Ui Uiz Uidk Tk
Ʃ Ui o 4 4

dk EQUATIONS

ejecta

EACH EDGE HAS TWO ENDPOINTS SO THERE ARE

2 I Fall dk LINEAR EQUATIONS to SATISFY

THE SECOND VERTEX CONDITION IS ANALOGOUS

TO A ROBIN CONDITION IF LK 4k 0 THIS IS THE
NEUMANN KIRCHHOFF VERTEX CONDITION CAN BE THOUGHT

OF AS A ZERO NET FLUX CONDITION























































































A SIMPLER PROBLEM

u x fix off 5O X 1

APPROXIMATION VIA FINITE DIFFERENCES

UCXths ulx7thuicxstE.eu t n 4 57 a

xthucxLJ ulx7 huicxstE.eu n 44151 a th

ucxth 2uextUCx 4 h u a g U g 7 X he ex

u 26th 221 7 Ukhl 6151 x he aXth42

Fix h let Xn nh n o N

LET Un U Xn for f xn n ly n N

No Up 0 SPECIFY BOUNDARY
CONDITIONS EXPLICITLY

Unt 2mn Un t for n t N
h























































































DEFINE D2

gg144L.EE
THEN D2Ñ É

Dz is TRIDIAGONAL SYMMETRIC

IS ACCURATE TO 0 h i e if h SUFF SMALL

suppositierleÉacÉ t.ie 5ou ari iii it ms

U o O

U i 1

Now UCO UCR ARE UNKNOWN

HOW TO APPROXIMATE U O

n o U h

CAN USE THE APPROXIMATION

U o 1 4 0 40 4

SIMILARLY UN UNH

THIS MODIFIES D2 D2

NOTE Dj IS STILL TRI DIAGONAL SYMMETRIC

BUT IF Ñ D's
then Un Ucas h

FIRST ORDER DUE TO OCA APPROXIMATION

IN BOUNDARY CONDITIONS























































































TO MAINTAIN 2ND ORDER ACCURACY

1
340 2441 42 154 lxo

SET Uo u Uz

U x u 1542 24 42

h

3 23

in

Dz I 2ND ORDER

BUT D2 NOT SYMMETRIC PREFER TO

PRESERVE THE SELF ADJOINT NESS OF

L T.tt atWFEI eIEFIEIEDVFTEEvera
EDGES

44 o n 10 4131 U O

Wj h co It 0

OUR PREVIOUS STRATEGY
SOLVE FOR w̅ IN TERMS OF NEARBY POINTS

USE THIS TO ELIMINATE IT FROM THESYSTEM

WILL BE UNWIELDY

GOING FORWARD WANT TO LEAVE IT AS AN UNKNOWN























































































MODEL PROBLEM
f ocxa

U o α 410 do
U'Ci UCD Q

GHOST POINTS IDEA INTRODUCE ADDITIONAL POINTS
OUTSIDE THE DOMAIN

Hite an

Xj 5 5 0 Ntl

2 GRIDS EXTENDED GRID Xo XN

INTERIOR GRID Xi XN

FOR A TOTAL OF N 2 UNKNOWNS

APPROXIMATE W AT X1 XN

U

a.cn
i

i
z

ftp

NX N 2 RECTANGTARMATRIX LINT

L HAS THE CORRECT NULLSPACE V Aitb THEN LÑ8

Let Pat I AND F

NTERPOLATION TO INTERIOR POINTS

THEN THE ODE PART IS 4NTÑ PNF
EQNS FOR NTZ UNKNOWNS

Now UCO 01h27 a co tofu























































































SO THE LEFT BC IS UP TO 042

E f no I 1 u do

SIMILARLY AT RIGHT

4th Un t.MN Q

Mac
Et

2

of
IMBcztf8IZEQNSFOR.at unknowns

STACK

ñ C C ñ

KARR IF WE WERE TO SOLVE FOR No Um in

TERMS OF Ui UN PLUG BACK IN

MATRIX ON LHS WOULD BE BOTH SYMMETRIC

TRIDIAGONAL

EXTENDING TO QUANTUM GRAPH
SUPPOSE THERE ARE M EDGES er eM

EDGE m OF LENGH Im
DISCRETIZE USING Nm SUBDIVISIONS hm ft
EDGE M CONTRIBUTES A BLOCK OF SIZE

Nm x Nmaz

THERE REMAIN 2M VERTEX CONDITIONS

IF VERTEX Vm HAS DEGREE dm























































































LET am ei Eiam

THEN dm 1 CONTINUITY CONDITIONS

Ei Vm ei Vm eim Vm

ONE FLUX BOUNDARY CONDITION

Ʃ win un α Vm 0 YEEITE Robin
eg.EE VERTEX CONDS

EII.E.EE


