
 

LECTURE 4

PRACTICAL TIME STEPPING FOR QUANTUMGRAPHPDE

Ut DU flu ON G

INE HAVE A FEW COMPETING GOALS

WANT HIGH ORDER METHODS SO WE CAN
TAKE LARGE TIME STEPS

WANT TO HANDLE LAPLACIAN TERMS

IMPLICITLY ALSO TO ALLOW LARGE TIME
STEPS
DO NOT WANT TO DO NEWTON ITERATIONS

SOLUTION IMPLICIT EXPLICIT IMEXSPLITTING
RUNGE KUTTA RKMETHODS
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REVIEW HOW RK METHODS WORK

day fixit

SUPPOSE Xn It known want to approximate

Until Unth ctn

ᵗ It h

fixes ds

XLt f xltn E f xctnti.nu 01h3

DEFINE IMPLICIT TRAPEZOIDAL RULE

Xnt Xn tf f xn Ei fanti Ent



LOCAL TRUNCATION ERROR 3

TO REACH A FIXED TIME tend need Oct STEP
SO GLOBAL ERROR or h

MODIFY THIS TO MAKE EXPLICIT

let Ʃ Xn ohflenity i e aFwD EULER STEP

THEN LET

Xnt Xntflflxn.tn f I the

BY EXPANDING EVERYTHING IN TAYLORSERIES CANSHOW

Xnt Ant OC h KEEP SAME ORDER OF
ACCURACY

HOWMANY TIMES DO WE EVALUATE fixit STEP

WRITE k fan tn

kz f x thk thth

THEN Xnt Xn kafka
THIS IS A 2ND ORDER EXPLICIT R me j

EVALUATIONS

CAN WRITE IMPLICIT TRAPEZOIDAL AS AN IMPLICIT

RK METHOD GOOD FOR STIFF PROBLEMS

MOST COMMONLY USED METHOD IS RKY

k f xn.tn

kz f xn Xn xntfck.tzkzt2ka.tk
kz f xnt tnt

ke f xp hks 4th



RECALL HOW RK METHOD'S ARE DEFINED

S STAGE EXPLICIT METHOD

nti xnthE.beki

k flXu tu
k f Xn

azikilhgtntczhlkzflxntlazikitazzkz.lk th Gh

ks flxnth.gsiasikj tntcsh
SUMMARIZED BY BUTCHER TABLEAU

O

G Az
Cz 931 932

a

Cs 95,1 Agz 95,5 1

bi b2 bs i bs

COEFFICIENTS MUST SATISFY CERTAIN ALGEBRAIC CONDITIONS

TO HAVE LOCAL TRUNCATION ORDER 8 1 GLOBALORDERp

E G Irb 1

aij ci 1 2 n s

EG RKY

192 112

Y



EXPLICIT METHODS GENERALLY HAVE SEVERE
STEPSIZE RESTRICTIONS FOR STIFF PROBLEMS

IMPLICIT METHODS

ke fltnt.ch at aijk 8 1 s

TABLEAU
C an dis Aig
Cz Az 8

is
b bz bs

NOW WE HAVE TO SOLVE A NONLINEAR PROBLEM

TO SIMULTANEOUSLY FIND ki ks
THIS IS GENERALLY OVERKILL BUT PRODUCES

HIGHEST ORDERT MOST STABLE METHODS FORGIVEN S

DIAGONALLY IMPLICIT RK DIRK METHODS

Gej o FOR j i

THEN
k flxnthankigtntc.hn Solve For k

k f xnt hazik azzka thtCzk SOLVEFork

Etc IF XER then 5 problem in 1PM

RATHER THAN ONE PROBLEM in 12ms

G THE IMPLICIT TRAPEZOIDAL METHOD IS DIRK

ki flxn.tn
kz flxnthkztn.tk 9
Xn Xn kit'kz



ASCHER ROUTH SPITERI 1997

CONSIDER AN ODE OF THE FORM ASSUME AUTONOMOUS

y f x 91 7
f x contains nonlinear termswith small stiffness

safe to treat by explicit RK methods

g x LARGE STIFFNESS BUT LINEAR THINK
91 3 AX WHERE A HAS LARGE
EIGENVALUES

TO STEP FROM tn to tut trith

DO FOLLOWING
SET f Xn

FOR I 185

SOLVE FOR k

k gk
Ii Xn hfiaiikjtf.E.am.skf g g

FINALLY EVALUATE

Xn xnthffbikjthff.is k

IN FACT WE ASSUME bst O SO WE CAN

SKIP THE LAST EVALUATION Is f Is

FURTHER SET THE COEFFICIENTS TO

ajs bj Est j Jj
THEN 1T E I

AND ARE SAME EQN



APPLYING THIS WITH
EXAMPYTWARD

EVER FOR X

BACKWARD EULER FORg X
YIELDS Xate at hffixn g Xn

MORE SLOWLY k f Xn

k g x ̅
WHERE I Xn h ki k

so k 9 xnthck.tk
Xnti xnthlk.tk

NOW ADAPT THIS FOR QUANTUM GRAPH

RECALL FROM LAST TIME EXPLICIT STEPS

PICK UP IMPLICITNESS FOR ENFORCING
VERTEX CONDITIONS

44
flu

Unt Unt h Aunt fluns

Unti hαΔUnti Unt hf un

DISCRETIZE ON INTERIOR

Pint halint Ñn Pint UT hf at

ADD VERTEX CONDS

MvcEnt

1 hα7MvcÑu F0



CONCATENATE

Pre halve ñn
PoCaithfian

QGLAB USES A 3RD ORDER 4 STAGE
DIRK METHOD

Aij dej

ci I

r

SAME TYPE OF MODIFICATIONS ARE MADE TO

EQUATIONS DEFINING TH ki k



Unt Unt h Aunt fluns

Unti hαΔUnt Unt hf un

DISCRETIZE ON INTERIOR

Pint halint Ñn Pint UT hf ñ

ADD VERTEX CONDS

MvcEnt

1 hα7MvcÑ F0
CONCATENATE

Pre halve ñn Polaithfian


